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General introduction 



A theorem of Digne, Lehrer and Michel says that Lusztig restriction of a Gel'fand- 
Graev character of a finite reductive group is still a Gel'fand-Graev character ||DLM2| , 



Theorem 3.7]. However, an ambiguity remains on the character obtained (whenever the 
center of G is not connected, there are several Gel'fand-Graev characters). The original 
aim of this series of papers was to drop this ambiguity. For this, we needed to study more 
deeply the structure of the endomorphism algebra of an induced cuspidal character sheaf : 
for instance, we wanted to follow the action of a Frobenius endomorphism through this 
algebra. 

This lead us to this first part, in which we develop another approach for computing 
explicitly this endomorphism algebra. One of the main goal is to construct another 
isomorphism between this endomorphism algebra and the group algebra of the relative 



Weyl group involved (a first one was constructed by Lusztig |[Lul| , Theorem 9.2]). By 
comparing both isomorphisms, we get some immediate consequences for finite reductive 
groups. Note that the results of this part are valid for any cuspidal local system supported 
by a unipotent class and have a chance to be useful for computing values of characters at 
unipotent elements. 

In the second forthcoming part, we will restrict our attention to the case where the 
cuspidal local system is supported by the regular unipotent class. We will then be able 
to compute explicitly the generalized Springer correspondence through this new isomor- 
phism. As an application of these (sometimes fastidious) computations, we will get the 
desired more precise version of Digne, Lehrer and Michel's theorem. It must be said that 
this final result is valid only whenever the cardinality of the finite field is large enough. 

Introduction to this first part 

Let G be a connected reductive group defined over an algebraically closed field F, let 
L be a Levi subgroup of a parabolic subgroup of G, let C be a unipotent class of L, and 
let f G C. We first explain how the action of the finite group Wg(L, C) = Ng(L, C)/L 
on some varieties introduced by Lusztig ||Lul| , §3 and 4] can be extended "by density" to 



some slightly bigger varieties (see §0). We then generalize this construction to extend the 
action of Wg(L,v) = Ng(Li,v)/CI{v) on other varieties covering the previous ones (see 
§ |3.B[ ). We show that, in most cases, the description of some stabilizers is entirely given 
by a morphism ip^^^ : Wg{'L,C) Ai,{v) = CM/CKv) (see and We also 

provide some reduction arguments to compute explicitly the morphisms ip^^ (see §^). 

From §^ to the end, we assume that C supports a cuspidal local system £ (we denote by 
C the character of the finite group Ai^{v) associated to S). Let K denote the perverse sheaf 
obtained from the datum {C,S) by parabolic induction [ [Lul| , 4.1.1], and let A denote its 
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endomorphism algebra. In this case, Wg(L,C) is equal to Wg(Jj) (by |P^ul| , Theorem 
9.2]) and is isomorphic to W^{L,v) = Ng{L) n C^{v)/Cl{v). Lusztig [Q, Theorem 
9.2] constructed a canonical isomorphism : QiW^(L,v) — > A. The aim of §H is to 
construct an other explicit isomorphism O' : QiW^(L,v) A. For this purpose, we use 
the varieties previously introduced in It turns out that G and G' differs by a linear 
character 7^„^ (see Corollary |6.5|) . Moreover, whenever ( is linear, and whenever some 
mild hypothesis are satisfied, we have 7l,d,c = C ° '^lv 

In §||, we assume further that F is an algebraic closure of a finite field and that G 
is endowed with a Frobenius endomorphism. We then explain what kind of precisions 
may be obtained by using the previous results about characteristic functions of character 
sheaves. 

In the future part II, we will assume throughout that v is regular. Under this hypothesis, 
we will compute explicitly the morphisms ip^^ in sufficiently many cases to be able to 
apply successfully this work to Gel'fand-Graev characters. We then follow Digne, Lehrer 
and Michel's method : from the knowledge of 7L,t),c and from the explicit nature of the 
isomorphism G', we get the desired precision. 



Notation 



Fields, varieties, sheaves. We fix an algebraically closed field F and we denote by p 
its characteristic. All algebraic varieties and all algebraic groups will be considered over 
F. We also fix a prime number i different from p. Let denote an algebraic closure of 
the £-adic field Q^. _ 

If X is an algebraic variety (over F) , we also denote by the constant £-adic sheaf as- 
sociated to (if necessary, we denote it by (Q^)x)- By a constructible sheaf (respectively 
a local system) on X we mean a constructible Q^-sheaf (respectively a Q^-local system). 
Let PX denote the bounded derived category of constructible sheaves on X. If K ^ PX 
and z G Z, we denote by Ti^K the i-th cohomology sheaf of K and if a; G X, then Ti.l.K 
denotes the stalk at x of the constructible sheaf Ti^K. If 7^ G "DX, we denote by DK its 
Verdier dual. If £ is a constructible sheaf on X, we identify it with its image in PX, that 
is the complex concentrated in degree whose 0th term is C. 

Let K G PX. We say that K is a perverse sheaf if the following two conditions hold : 

(a) Vi G Z, dimsnppH'K ^ -i, 

(b) \/i G Z, dimsuppH' DK ^ -i. 

We denote by AiX. the full subcategory of VX. whose objects are perverse sheaves : this 
is an abelian category pBD| , 2.14, 1.3.6]. 



Let Y be a locally closed, smooth, irreducible subvariety of X and let £ be a local 
system on Y. We denote by /C(Y, £) the intersection cohomology complex of Deligne- 
Goresky-MacPherson of Y with coefficients in C We often identify IC(Y,C) with its 
extension by zero to X ; IC(Y, £)[dim Y] is a perverse sheaf on X. 

Algebraic groups. If H is a linear algebraic group, we will denote by H° the neutral 
component of H, by Huni the closed subvariety of H consisting of unipotent elements 
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of H, and by Z(H) the center of H. If h & H, then Aii{h) denotes the finite group 
Cn{,h) / C^{h) , {h)ii denotes the conjugacy class of h in H, and hs (respectively hu) 
denotes the semisimple (respectively unipotent) part of h. If i) is the Lie algebra of 
H, we denote by Adh : fj — ^ the differential at 1 of the automorphism H — >• H, 
X ^ = hxh~^ . 

If X and Y are varieties, and if X (respectively Y) is endowed with an action of H 
on the right (respectively left), then we denote, when it exists, X Xh Y the quotient of 
X X Y by the diagonal left action of H given by /i.(x, y) = {xh~^, hy) for any /i G H and 
(x, G X X Y. If (x, ?/) G X X Y, and if X Xh Y exists, we denote by x *h 1/ the image 
of (x, ?/) in X Xh Y by the canonical morphism. 

Finally, if Xi, . . . , X„ are subsets or elements of H, we denote by Xh(-^i, • • • , Xn) the 
intersection of the normalizers N-H.{Xi) of Xj in H (1 ^ z ^ n). 

Reductive group. We fix once and for all a connected reductive algebraic group G. We 
fix a Borel subgroup B of G and a maximal torus T of B. We denote by X(T) (respectively 
y(T)) the lattice of rational characters (respectively of one-parameter subgroups) of T. 
Let W = Xg(T)/T. Let $ denote the root system of G relative to T and let $+ 
(respectively A) denote the set of positive roots (respectively the basis) of $ associated 
to B. For each root a G we denote by Uq, the one-parameter unipotent subgroup of 
G normalized by T associated to a. 

We also fix in this paper a parabolic subgroup P of G and a Levi subgroup L of P. 
We denote by ttl : P ^ L the canonical projection with kernel V, the unipotent radical 
of P. We denote by $l the root system of L relative to T ; we have $l C $. Finally, Wj^ 
denotes the Weyl group of L relative to T. 



1. Preliminaries 



l.A. Centralizers. We start this subsection by recalling two well-known results on cen- 
tralizers of elements in reductive groups. The first one is due to Lusztig |[Lul| , Proposition 
1.2], while the second one is due to Spaltenstein |[HS| , Proposition 3]. 

Lemma 1.1 (Lusztig). (1) Let I G L and (? G G. Then 

dim{xP I x^^^x G (/)l-V} ^ i(dimCG(^) - dimCL(/)). 
(2) IfgeP, then dimCp(^) ^ dimCL(7rL(^)). 

Lemma 1.2 (Spaltenstein). Ifl&'L, then C^^{1) is connected. 



We will now give several applications of the two previous lemmas. We first need the 
following technical result : 
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Lemma 1.3. Let I G L. Then the following are equivalent : 

(a) Q(/)CL; 

(b) Q(/.)CL ; 

(c) Cv(/) = {1} ; 

(d) dimCv(/) = 0. 



Proof - It is clear that (b) implies (a), and that (a) implies (d). Moreover, by Lemma 
|0| , (c) is equivalent to (d). It remains to prove that (c) implies (b). 

For this, let s (respectively u) denote the semisimple (respectively unipotent) part of 
and assume that Cq(s)^L. We want to prove that Cv(0 {!}• Without loss of 
generality, we may, and we will, assume that s G T and -u G U fl L. 

Let G' = Q(s), U' = Cu{s), V = Cv(s) and B' = Cb(s). Then, by |B3^, Corollary 
11.12], u G G'. Moreover, by Lemma |1.2| , U' and V are connected. So B' = T.U' is 
connected. Let $s denote the root system of G' relative to T, and let be the positive 
root system associated to the Borel subgroup B' of G'. Let as denote the highest root 
of with respect to Since G'^L, we have as ^ But Uq^ is central in U', 
so Uq,^ C Cv' (^^) = C'v(0- Therefore, Cv(0 {!}• The proof of Lemma [T]^ is now 
complete. ■ 



Now, let O be the set of elements / G L such that Cv(0 = {1}- 



Lemma 1.4. The set O is a dense open subset o/L and the map 

Ox\ — > 0.\ 

{l,x) I — > xlx^^ 

is an isomorphism of varieties. 



Proof - The group V acts on G by conjugation. So, by | JHu| , Proposition 1.4], the set 

J\f={geG\ dimCv(^) = 0} 

is an open subset of G. Therefore, A/" fl L is an open subset of L. Moreover, A/* fl L 
is not empty since any G-regular element of T belongs to Af fl L. But, by Lemma |1.2| , 
jV n L = C This proves the first assertion of the lemma. 



Now, let / denote the morphism defined in Lemma [1.4| . Let / G O. Then the map 
// : V — >■ /.V, X I— > xlx~^ is injective by definition of O, and its image is closed because 
it is an orbit under a unipotent group ||Bor| , Proposition 4.10]. By comparing dimensions, 
we get that fi is bijective. As this holds for every Z G O, / is bijective. 

Moreover, the variety O.V ~ O x V is smooth. Hence, to prove that / is an iso- 



morphism, we only need to prove, by [ [Boi) , Theorems AG. 17.3 and AG. 18. 2], that the 



differential ((i/)(i,i) is surjective for some I G O. 

Now, let t G T be a G-regular element (so that t G O). The tangent space to O 
at t may be identified with the Lie algebra I of L via the translation by t. By writing 
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f{l,x) = I. {I ^xlx ^) for every G O x V, the differential {df){t,i) may be identified 
with the map 

let) — > let) 

l®x I — > / © (Adt^i - Ido)(x). 

Here, t) denotes the Lie algebra of V. The bijectivity of (c(/)(t,i) follows immediately from 
the fact that the eigenvalues of Adt^^ are equal to for a G — $l, so they are 

different from 1 by the regularity of t. ■ 

Lemma |0| implies immediately the following result : 

Corollary 1.5. Let S he a locally closed subvariety of O. Then the map 

5 X V — > S.V 

{l,x) I — > xlx^^ 

is an isomorphism of varieties. 

Notation - If «S is a locally closed subvariety of L, we denote by «Sreg (or «Sreg,G if there 
is some ambiguity) the open subset «S fl C of «S. It might be empty. □ 



l.B. Steinberg map. Let V : G ^ T/W be the Steinberg map. Let us recall its 
definition. If (7 G G, then V{g) is the intersection of T with the conjugacy class of the 
semisimple part of g. Then V is a morphism of varieties ||Ste| , §6]. To compute the 
Steinberg map, we need to determine semisimple parts of elements of G. In our situation, 
the following well-known lemma will be useful [[Lul|, 5.1] : 



Lemma 1.6. If g gP, then the semisimple part of g is \^ -conjugate to the semisimple 
part of7!'i,{g). In particular, V{g) = V{ni,{g)). 

Proof - Let s be the semisimple part of g. Then the semisimple part of ir-Llg) is tt-lIs). 
But, s belongs to some Levi subgroup Lq of P. Let a; G V be such that L = ^Lq. Then 
xsx~^ G L and xsx~^ is the semisimple part of xgx~^. Therefore, the semisimple part of 
TT-L^xgx^^) = TTi,{g) is 7rL(xsx~^) = xsx~^. ■ 



Lemma 1.7. V(Z(L)°) is a closed subset of T/W and V(Z(L)°gg) is an open subset of 
V(Z(L)°). 

Proof - The restriction of V to T is a finite quotient morphism. In particular, it is 
open and closed. Since it is closed, V(Z(L)°) is a closed subset of T/W. Since it is 
open, V(T,eg) is an open subset of T/W. But V(Z(L)°^g) = V(T,eg) n V(Z(L)°). So the 
Lemma is proved. ■ 
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Let Vl : L T/Wi, denote the Steinberg map for the group L. By Lemma |L3| , we 
have 



(1.8) 



I.e. A family of morphisms. If «S is a locally closed subvariety of L stable under 
conjugation by L, then 5.V is a locally closed subvariety of P stable under conjugation 
by P. We can therefore consider the quotients G Xl «S and G Xp «S.V. With these 
varieties are associated the maps Gxl«S G, g I ^-^ 9^9'^ and G Xp «S.V — > G, 
g *P X ^ gxg^^ : they are well-defined morphisms of varieties. 

Remark 1.9 - If «S is contained in O, then the map G Xl«S ^ G Xp«S.V, g*-Ll ^ g*vl 
is an isomorphism of varieties (by Corollary |1.5|) . □ 

The next result is well-known : 



Lemma 1.10. The map GxpP G, g*-px ^— gxg~^ is a projective surjective morphism 
of varieties. In particular, if F is a closed subvariety ofP stable under conjugation by P, 
then the map G *p F — G, *p x i-^ gxg^^ is a projective morphism. 



Proof - Let X = {{x,gP) G G x G/P | g~^xg e P}. Then X is a closed subvariety of 
G X G/P. Moreover, the variety G/P is projective. Therefore, the projection vr : X — > G, 
(x, gP) X is a. projective morphism. Since every element of G is conjugate to an element 
of B, 71 is surjective. 

But the maps GxpP— >X, 5f*pa;(-^ {gxg~^, gP) and X ^ G Xp P, [x,gP) ^ 
g *p g~^xg are morphisms of varieties which are inverse of each other. Moreover, through 
these isomorphisms, the map constructed in Lemma |1.10| may be identified with vr. The 
proof is now complete. ■ 

The next result might be known but the author have never seen such a statement. 



Lemma 1.11. The morphisms of varieties 

G XL O — > G 

g*Ll I — > glg'^ 

GxpO.V — > G 

g*px I — > gxg- 



and 

are Stale. 



Proof - By Remark |1.9| , it is sufficient to prove that the morphism 

/: GxpO.V — > G 

g*px I — > gxg-^ 

is etale. 
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Since G Xp O.V and G are smooth varieties, / is etale if and only if the differential of / 
at any point of GxpO.V is an isomorphism |[Ha| , Proposition III. 10.4]. By G-equivariance 
of the morphism / (G acts on G Xp O.V by left translation on the first factor, and acts 
on G by conjugation), it is sufficient to prove that {df)upx is an isomorphism for every 
X e O.V. 

For this, let P~ denote the parabolic subgroup of G opposed to P (with respect to L), 
and let V~ denote its unipotent radical. Then V~ x O.V is an open neighborhood of 
1 *P X in G *p O.Y. Therefore, it is sufficient to prove that the differential of the map 

/- : V- X O.V — > G 

{gj,x) I — > glxg-^ 

at (l,a;) is an isomorphism for every x G O.V. 

Let fl, t)~, I and p denote the Lie algebra of G, V~, L and P respectively. Since O is 
open in L, we may identify the tangent space to O.V at x with p (using left translation 
by x). Similarly, we identify the tangent space to G at x with q using left translation. 
Using these identifications, the differential of /~ at (l,x) may be identified with the map 

5: \3-®p — ^ fl 

A®B I — ^ (adx)-i(A) - A + 

For dimension reasons, we only need to prove that 5 is injective. 
For this, let A G Y{T) be such that L = CG(ImA) and 

P = G G I \iia\{t)g\{tY^ exists}. 
For the definition of limt_^o '^(^)! s^e ||DLM1| , Page 184]. We then define, for each i G Z, 





fl(z) = {XGfl 1 (adA(t))(X) = fX}. 


Then 






fl = © fl(0, 

igZ 




P = ® fl(^), 




i ^ 


and 


t)" = © Q{i) 




i<0 


(see DLMl, 5.14]). 


For each X G fl, we denote by Xj its projection on Q{i 



Now, let / = 7rL(a;). Then it is clear that we have, for any G Z and any X G Q{io), 
(1) (adx)-^(X) G (ad/)-i(X) + ( © q{i)). 

i>io 

Now, let A © i? G Ker 6, and assume that A 0. Then there exists ^o < minimal 
among all z < such that Ai ^ 0. Then, by equality (1), the projection of bi^A © S) 
on fl(io) is equal to (ad/)~i(ylij - Ai^. But, b{A © 5) = 0, so (ad/)~^(y4io) - Ai^ = 0. 
Therefore, Cq{1) (f. I. So Cg(s) <f_ I, where s denotes the semisimple part of /. However, / 
lies in O, so its semisimple part s lies also in O by Lemma pT^ . But, by |[Bor| , Proposition 



9.1 (1)], Cg(s) is the Lie algebra of Cq(s) which is contained in L by Lemma p..3| . We get 
a contradiction. 

So, this discussion shows that A = 0. But = 5(^4, i?) = (ada;)~^(yl) — yl + 5, so 
i? = 0. This completes the proof of Lemma |1 . 1 1| . ■ 
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l.D. Isolated class. An element g E G is said (G-)isolated if the centralizer of its 
semisimple part is not contained in a Levi subgroup of a proper parabolic subgroup of G. 

Let Liso denote the subset of L consisting of L-isolated elements, and let Tjso = TflLiso- 
Then Tiso is a closed subset of T. Therefore VL(Tiso) is a closed subset of T/Wi,. 
Moreover, we have Liso = V£^(V(Tiso)), so Liso is a closed subset of L. 

As a consequence of Lemma |1.1CI| , the image of the morphism G Xp Liso-V G, 
g *P X gxg~^ is a closed subvariety of G : we denote it by Xg,l- On the other hand, 
by Lemma |1.11| , the image of the morphism G Xi^ O ^ G, g *i, x ^ gxg~^ is an open 
subset of G, which will be denoted by Og,l- Finally, we denote by Yg,l the intersection 
of Xg,l and Og,l- 

Note that Wg(1j) = A''g(L)/L acts (on the right) on the variety G Xl Liso,reg in the 
following way. If w G Wg(L) and if (7 *l / G G Xl Liso,reg, then 

(g *L 0-^ = 9"^ *L w~^lw, 
where w G Nc,(L) is any representative of w. 

Proposition 1.12. The map G Xl Liso,reg Yg,L; fi' *l ^ 9^9^^ is a Galois etale 
covering with group Wg(L). 

Proof - Set tt : G Xl Liso,rcg Yg,l, 9 *-l ^ ^ 9^9"^^ and let 7 : G Xl ^ G, 
g ^ glg^^ ■ By Lemma |1 . 1 1|, 7 is an etale morphism. If we prove that the square 



G Xl Liso.reg ^ G Xl O 



(#) 
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Yg,l G 

is cartesian, then, by base change, we get that vr is an etale morphism. 

Since 7 is smooth, the fibred product (scheme) of G x l O and Yg,l over G is reduced 
(because Yg,l is), so we only need to prove that G Xl Liso,reg = 7 ""^(Yg.l)- 

So, let 5^ *L / G G Xl O be such that glg~^ G Yg,l- Then there exist G G, m G Liso 
and f G V such that hmvh~^ = glg~^- Let s (respectively t, respectively t') denote the 
semisimple part of /, m and mv. By Lemma |1.6| , there exists x G V such that t' = ^t. 
Therefore '^H = ^s. 

Since t is L-isolated, we have Z(C£(t))° = Z(L)°. Therefore, Z(C^(i))° C Z(L)°. On 
the other hand, since s G O, we have Cq(s) CL, so Z(L)° C Z(Cq(s)). This proves 
that 9Z(L)°c''^'Z(L)°. For dimension reasons, we have 9Z(L)° = ^^■Z(L)°, so Z(L)° = 
Z(Cq(s)). Hence, / is isolated. So, we have proved that vr is etale. 

Now lyG(L) acts freely on G Xl Liso,rcg- So the quotient morphism G Xl Liso,reg — 

G 

^AfcCL) Liso,reg IS a Galois etale covering with group lyG(L). Moreover, vr clearly factor- 
izes through this quotient morphism. We get an etale morphism ttq : G x n^CL) Liso.rcg 
Yg,l- Proving Proposition [I.12| is now equivalent to prove that ttq is an isomorphism of 
varieties. Since it is etale, we only need to prove that it is bijective. 
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First TTo is clearly surjective. We just need to prove that it is injective. Let {g, I) and 
{g',l') in G X Liso,reg be such that glg~^ = g'l'g'~^. Let s and s' be the semisimple parts 
of / and V respectively. Then Z(C£(s))° = Z(L)° since / is L-isolated. Since / G O, we 
also have C^(s) = so Z(Q(s))° = Z(L)°. Similarly, Z(C^(s'))° = Z(L)°. So 

5"'9'Z(L)° = Z(L)°. Therefore, g-^g' G A^g(L)- This completes the proof. ■ 



2. Action of the relative Weyl group 



2. A. The set-up. From now on, and until the end of this paper, we denote by S the 
inverse image of an Li/Z(L)° -isolated class o/L/Z(L)° under the canonical projection 
L — i> L/Z(L)°. We also fix an element w G H. 

Following [[Lull , §§3 and 4], we consider the varieties 



Y — G X Sreg, 

Y = G Xl Si-cg, 
X = G X S V 

and X = GxpSV. 

In these definitions, the group L (respectively P) acts on G by right translations, and 
acts on Sreg (respectively SV) by conjugation. We also set 

Y = U gi:,,,g-' 

geG 



and 



By Lemma jO], we have 

(2.1) 

and 

(2.2) 



X = U gi:\g-\ 

XCV-^(V(Z(L)°)) 
YCV-HV(Z(L)°,J). 



Moreover, X is the image of G XpS.V under the morphism G XpP G, g*FX i— *■ gxg~^ 
studied in Subsection p..C| . So, by Lemma p..lO| , X is a closed irreducible subvariety of G. 
We set _ 

TT : G XpS.V — > X 

g*px I — > gxg~^. 

It is a projective morphism of varieties. 

On the other hand, Y+ = IJgeG fi'(^)reg5'~^ is in fact the intersection of X with 
V~"^(V(Z(L)°gg)), so it is an open subset of X (by Lemma P!T7| ). But, by Proposition 
L12| , the map G Xl (S)reg — * Y+, g ^ 9^9^^ is a Galois etale covering with group 



Wg(L, S) = Ai'G(L, S)/L. Since G Xl S^eg is open in G Xl (S)i.eg, its image Y under 
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this etale morphism is open in Y+. This proves that Y is open in X. Moreover, since the 
map 

TT : GXLSreg > Y 

g*Ll I — ' glg'^ 

is a Galois etale covering with group VFg(L, S), we get that Y is smooth (indeed, GxtSreg 
is smooth). 

Recall that G Xl 5^reg — G Xp I]reg.V, g *i, I g *p I is a.n isomorphism (see Corollary 
LSj). Moreover, it is clear that 7f~^(Y) = G Xp Sj-cg-V. We summarize all these facts in 



the following proposition. 



Proposition 2.3 (Lusztig ||Lul| , ^3.1, 3.2 and Lemma 4.3]). With the above notation, 
we have : 

(1) X zs a closed irreducible subvariety of G and Y is open in X. 

(2) The natural map Y — X, *l x ^— > (? *p x an open immersion and the square 



Y 



TT 



X 



TT 



X 



is cartesian. 

(3) TT (hence it) is a projective morphism. 

(4) TT is an etale Galois covering with group Wg(L,'E) 



In particular, Y is smooth. 



Note that G acts on Y, Y, X and X by left translation on the first factor, and that 
it acts on Y and X by conjugation. Also, the group Z(G) fl Z(L)° acts on the varieties 
Y, Y, X and X by left translation on the second factor, and it acts on Y and X by left 
translation. These actions of G and Z(G) fl Z(L)° commute. 

We have the following commutative diagram 



(2.4) 




where a and a are the canonical projections, and /3 and (3 are the canonical quotient 
morphisms Moreover, the vertical maps are the natural ones. Note that the morphisms 
/3, 13, IT and vf are G x (Z(G) fl Z(L)°)-equivariant, and that the vertical maps Y — > X, 
Y ^ X and Y ^ X are also G x (Z(G) n Z(L)°)-equivariant. 
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2.B. Extension of the action of WgCL,!!). We must notice that the action of the 
group WciL, S) is defined only on Y. However, we will see in this subsection that it is 
possible to extend it to an open subset of X which, in general, contains strictly Y. 
We first need some preliminaries to construct this extension. If / G S, then 

dimCL(/) > dim Ci,{v) 

and equality holds if and only if Z G S. Consequently, if (7 G X, then 

dimCG(fi') ^ dimCL(f) 

(c/. Lemma |Ll] (2)). Moreover, if the equality holds, then, by Lemma [TT] and the previous 
remark, 7t~^{g) is contained in 

Xo = G xp S.V, 

which is a smooth open subset of X. 
Let us define now 

Xmin = {g eX\ dimCG(fi') = dim C-l{v)} 

and Xmin = 7f ^(Xinin)- 

By [Pu| , Proposition 1.4], Xmin is an open subset of X, and, by the previous discussion, 

XminCXo. Also, YCXmin, SO Y C Xmin- NoW, let TTmin : Xmin ^ Xmin dcUOtC the 

restriction of vf : it is a projective morphism. 

Moreover, if g E Xmin, then, by Lemma |1.1| (1), ii^l^ig) is a finite set. The morphism 
TTmin being projective and quasi-finite, it is finite [^, Exercise III.11.2]. We gather these 
facts in the next proposition. 



Proposition 2.5. With the above notation, we have : 

(1) Xmin is a G X (Z(G) fl Z(L)°)- stable open subset of~K. containing Y. 

(2) Xmin is a G X. (Z(G) fl 7a{L)°)- stable smooth open subset of~K. containing Y. 

(3) The morphism VTmin : Xmin ^ Xmin is finite. 



The Proposition 2T5 has the following immediate consequence : 



Theorem 2.6. (a) The variety Xmin is the normalization of Xmin in the variety Y. 
Therefore, there exists a unique action of the finite group Wg,{L, S) on the variety Xmin 
extending its action on Y. 

(b) This action is G x (Z(G) fl Z(L)°) - equivariant, and the morphism vTmin factorizes 
through the quotient Xmin/W^G(L, S). 

(c) // the variety Xmin is normal, then TTmin induces an isomorphism of varieties 

Xmin/W^G(L,S)~Xmin. 



Notation - (1) Let (S.V)min denote the open subset E.VflXmin of E.V. Then Xmin = 

G Xp (S.V)min. 

(2) If there is some ambiguity, we will denote by ?l the object ? defined above (for 
instance, Y^, X^mL. Xj;, 7r^m,L--)- 
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2.C. Unipotent classes. From now on, and until the end of this paper, I] is the inverse 
image of a unipotent class o/L/Z(L)°. Note that a unipotent class is isolated. Let C 
denote the unique unipotent class contained in S. From now on, the element v introduced 
in the previous section is chosen in C. Note that I] = Z(L)°.C ~ Z(L)° x C and that 



5^reg — Z(L)°gg.C. 



Notation - (1) We denote by the induced unipotent class of C from L to G, that 
is the unique unipotent class Co of G such that Co H C.V is dense in C.V. 

(2) li z & Z(L)°, the group Cp{z) = L.C\^{z) is connected (c/. Lemma pT^ ). So it 
is a parabolic subgroup of C^{z) by [pM|, Proposition 1.11 (ii)], with unipotent radical 



Cv(-2) and Levi factor L. We denote by Uz an element of C'^c;'^^^ fl vC\-{z). We set 

(3) For simplicity, the unipotent element Ui will be denoted by u, and it stands for Ui. 

Remark 2.7 - Let us investigate here what are the elements of Xmin. Since XminCXo, 
we need only to determine which elements of S.V belong to Xmin- Let g G S.V. Let z 
(respectively u') be the semisimple (respectively unipotent) part of g. By Lemma we 
may assume that z belongs to Z(L)°. Now, let G' = C^{z), P' = C^{z), and V = Cv{z). 
Then G' is a reductive subgroup of G containing L, P' is a parabolic subgroup of G', 
and V is its unipotent radical. Then, by Por| , Corollary 11.12], we have u' G G'. On the 
other hand, C^{g) = C^,{u'). Now, by Lemma |l]l] (2) and by |^pa] . Proposition 11.3.2 
(b) and (e)], g G Xmm if and only if u' G C^ . 
Hence, we have proved that 

(2.8) V-^(V(^))nXmin = (^^^.)g 

for every z G Z(L)°, and that 

Xmin = U {zUz)g- □ 
2eZ(L)° 



If 2; G Z(L)°, we denote by Hg{Ij,11,z) the stabilizer of in Wg(L, S). We first 
investigate what is the group Hq,(1j, S, 1). Recall that the group Cq(m) is contained in 
P ||Sp4 Proposition II. 3. 2 (e)], so that Cg{u) /C-p{u) is a finite set. 



Lemma 2.9. We have t^^ii^{u) = {g *v u \ g ^ Cg,{u)}. In particular, 

kmmHI = \Cg{u)/C^{u)\ = \Ag{u)/A^{u)\. 



Proof - It is clear that {g *f u \ g E Cg{u)} is contained in vr~;^(M). Conversely, let 
g *p X E T^mini^)- By replacing {g, x) by {gl~^, Ix) for a suitable choice of Z G L, we may 
assume that 'n-L^x) = v. Since gxg~^ = u, this means that x E vY fl C^. By ||Sp4 
Proposition II. 3. 2 (d)], there exists y eP such that yxy~^ = u. Therefore, gy~^ E Cg{u) 
and g *p X = gy^^ *p u. ■ 
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Corollary 2.10. If Cg{u) <Z^ , then t^^^{u) = {u}. In particular, Wg(Jj,J]) stabilizes 
u, that IS Hg(L, S, 1) = Wg(L, S). 

Now, let us consider the general case. The second projection X ~ G x Z(L)° x 
C X V ^ Z(L)° factorizes through the quotient morphism X — >■ X. We denote by 
z : X — s> Z(L)° the morphism obtained after factorization. The group M/g(L) acts on 
Z(L)° by conjugation, and it is easy to check that the restriction Zj-cg : Y Z(L)°^^ of 
z to Y is Wg{L, I])-equivariant. Hence, the morphism Zmm : Xmin Z(L)° obtained by 
restriction from z is W^gIL, S)-equivariant. 

As a consequence, we get 

(2.11) StabvyQ(L,s)(^)c Stabty^(L,s)(z(^)) 

for every g G Xmin. Also, note that z{g) is conjugate in G to the semisimple part of 



9 = 7rmin(5') {of. Proposition |1.6|) . In fact, one can easily get a better result : 



Proposition 2.12. Let z G Z(L)°. Then : 

(1) //g(L,S,^)=//c^(.)(L,S,1). 

(2) //Cc^(,)(^i,)cP, t/ienifG(L,S,z) = iyc^(,)(L,S). 

Proof - For the proof of (1), the reader may refer to the proof of Proposition of this 
paper : indeed, the situations are quite analogous, and the arguments involved are exactly 
similar. However, since the situation in Proposition p.7| is a little more complicated, we 
have decided to give a detailed proof only in this case. (2) follows from (1) and from 
Corollary p.lQ . ■ 

2.D. An example. Assume in this subsection, and only in this subsection, that L = T. 
Then C = 1, S = T, X = G Xb B, X = G and vr : X ^ G is the well-known 
Grothendieck map. Also, iyG(L, T,) = W m. this case. Moreover, Xmin is the open subset 
of G consisting of regular elements. As an open subset of G, it is smooth. So the action 
of on Y extends to '^min and Xmin/W^ = Xmin- 

Now, let g G Xmm, 9 = T^mmig), and t = z(^) G T. We denote by W°(t) the Weyl group 
of C^{t) relative to T. The fiber 7i^l^{g) may be identified with the set of Borel subgroups 
of G containing g. Since Xmin/VT = Xmin, W acts transitively on Tc^l^ig)- But, Ut is a 



regular unipotent element of CQ(t). Therefore, Cc^(t){ut) CB. So, by Proposition |2.12| , 
we have 

StabvK(^) = W°{t). 
As a consequence, we get the well-known result 

(2.13) \{xB G G/B I g G "B}| = \W\/\W°{t)\. 



Remark - It is not the easiest way to prove |2.13| ! 

Example 2.14 - Assume in this example that G = GL2(F), that 

L = T = {diag(o, b) | a, 6 G F'' }, 
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and that S = T. Let us denote by the projective line. Then 

X~ {((^ ^ ^ ^ , G G X I [ax + by , cx + dy] = [x,y]}, 

X = G, 

and TT : X ^ X is identified with the first projection. Moreover, Xmin is the open subset of G 
consisting of non-central elements. We shall give a precise formula for describing the action of 
W on Xmin in this little example. 

Let w denote the unique non-trivial element of VF. It has order 2. We define the right action 
of w on {g, [x, y]) G Xmin by 

{{g, [bx, {d - a)x - by]) if {bx, {d - a)x - by) / (0, 0) 
{g, [{a - d)y - cx,cy]) if ((a - d)y - cx,cy) / (0,0), 

where 5 = ^ ^ ^ ) ' check that, if Xi (respectively X2) is the open subset of X 

defined by the first condition (respectively the second condition), then Xi U X2 = Xmin, and 
that the formulas given above coincide on Xi 0X2. So we have defined a morphism of varieties. 
The fact that it is an automorphism of order 2 is obvious, and the reader can check that it 
extends the action of on Y. 

One can also check, as it is expected by 2.13 , that W acts trivially on the elements {g, [x, y]) € 
Xmin such that g is not semisimple. □ 



3. A MORPHISM WgCL,!]) Ai^{v) 



The restriction of an L-equivariant local system on C through the morphism L/C£(i;) — > 
C, ZC£(f ) I— > lvl~^ is constant. That is why this morphism is interesting when one is work- 
ing with character sheaves (which are equivariant intersection cohomology complexes). 
This morphism can be followed all along the diagram |2.4| , and it gives rise to new vari- 
eties on which the group Wg^I^^v) = Ng(L',v)/CI{v) acts (note that WcCi^^v)/ Ai,{v) ~ 
TyG(L, S)). Following the method of the previous section, these actions can be extended 
to some variety X'^^jj^ lying over Xmin- We show in this section that some stabilizers under 
this action can be described in terms of a morphism of groups VrG(L, S) — Ai^{v) (under 
some little hypothesis). In elementary properties of this morphism will be investigated. 



3.A. Notation. Let S' = L/Cl{v) x Z(L)°, and let S^,g = L/Cl{v) x Z(L)°,g. We 
denote by / : S' ^ S, {lC^{v),z) t-^ lzvl~^ = zlvl~^ . Then / is a finite surjective 
L-equivariant morphism (here, L acts on S' by left translation on the first factor). We 
denote by /reg : S^^g Sj-eg the restriction of /. 
Now, let 

Y' = G X S^gg, 

and Y' = G XL S:,g = G/Cl{v) x Z(L)°,g. 
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We then get a commutative diagram 




where the vertical maps are induced by /reg, a' is the projection on the first factor, /?' is 
the quotient morphism, and n' = no f. The group G acts on Y' and Y' by left translation 
on the first factor, and acts on Y by conjugation. The group Z(G) fl Z(L)° acts on S^^g 
by translation on the second factor : it induces an action on Y' and Y'. The morphisms 
/, /, jS' and tt' are G x (Z(G) fl Z(L)°)-equivariant. Moreover, all the squares of diagram 
P?T| are cartesian. 
Now, we define 

Wg{L,v)=Ng{L,v)/CI{v) 

(note that Ng(L,v)° = Cl^{v)). The group Ci,{v) is a normal subgroup of Ng(L,v) so 
A-l{v) is a normal subgroup of Wg(L,v). Note that 

The group Ng(Li,v) acts freely on the right on the variety Y' in the following way : if 
w G Ng(L,v) and if {g,lCl{v),z) G Y', then 

i9JCl{v),z).w = {gw,w'HwCl{v),w~hw). 

This induces a free right G x (Z(G) fl Z(L)°)-equivariant action of PVgIL,'^) on Y'. 
Moreover, the fibers of the morphism vr' are WG(L,v)-OThits. 

Remark 3.2 - li a e Ai^{v) and g *l {l-Cl{v), z) G Y', then 

{g *L {lCl{v), z)).a = g *l (/aC£(c), z). □ 



3.B. Normalization. Let X' be the normalization of the variety X in Y'. We denote 
by / : X' — s> X the corresponding morphism of varieties. Let Xq (respectively X^;^) 
denote the inverse image, in X', of the variety Xq (respectively Xmin). We denote by 
/o : Xq — > Xq (respectively /min : ^'min ~^ Xmin) the restriction of / to Xq (respectively 
-^min)- Then Xq (respectively X^^^) is the normalization of Xq (respectively Xmm) in Y'. 



16 



We can summarize the notation in the following commutative diagram 




■min 



In this diagram, all the horizontal maps are open immersions, and all the squares are 
cartesian. Since Xmin is the normalization of Xmin in Y, we get : 

Theorem 3.3. We have : 

(1) The variety X^j^ is the normalization of Xmin i'^ Y'. Therefore, the action of 
Wg(L,v) on Y' extends uniquely to an action of Wg(L,v) on Xj^^jj^. 

(2) X' inherits from Y' an action of G x (Z(G) fl Z(L)°), and this action commutes 
with the one of Wg{L,v) on Xmin. 



Remark 3.4 - We do not know how to determine in general the variety X'. However, 
it is possible to give an explicit description of Xq. This can be done as follows. The 
parabolic subgroup P acts on S' x V by the following action : if I, Iq G L, x, Xq G V, and 
^0 G Z(L)°, then 

The reader can check that this defines an action of P. Moreover, the morphism / x Idv : 
E' X V — SV, (IqCI^^v), zo,xo) I— >• IqZqvIq^Xq induced by / is P-equivariant. 

By Corollary [TJ, G Xl Keg - G Xp (S^^^ x V) is an open subset of G Xp (S' x V) 
isomorphic to Y'. Moreover, the morphism 

G Xp (S' X V) — > X = G Xp SV 

induced by / is finite, as it can be checked by restriction to an open subset of the form 
5fV~P Xp (S' X V). Here, V~ is the unipotent radical of the opposite parabolic subgroup 
P~ of P with respect to L. Finally, by the same argument, G Xp (S' x V) is smooth. 
Hence 

(3.5) X[, = G Xp (S' X V). 

Since X' is the normalization of X in Y', it inherits an action of the group Ai,{v). It is 
very easy to describe this action on Xq by using |3.5| . It acts on Xq by right translation 
on the factor L/C£(f) of S'. This is a free action and the fibers of /o are AL(f )-orbits. □ 
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We will denote by (S' x V)min the inverse image, under / x Idv, of the open subset 
(SV)niin of SV. Then X;^;^ = G Xp (S' x V)^;^. The action of WgCL^v) is quite 
mysterious, but the action of its subgroup Ai^{v) is understandable. It is obtained by 
restriction from its action on Xq which is described at the end of Remark p]4. 



3.C. Stabilizers. If ^ G Z(L)°, let u', = 1 *p {Cl{v), z,v-^u,) G X;^;^. Recall that 
is an element of vCviz) fl C'^g'^^^. Note that /minl^z) = so that ir'-^i^iu'^) = Uz- For 
simplification, we denote by u' the element u'l. The stabilizer of the element u'^ in iyG(L, v) 
is denoted by Hg(L,v, z). The aim of this subsection is to get some informations about 
these stabilizers. 

The first result comes from the fact that Ai^{v) acts freely on XJ^^-^^ : 
(3.6) HGiL,v,z)nAM = {l}. 



The second one is analogous to Proposition p.l2| : it may be viewed as a kind of Jordan 
decomposition. 



Proposition 3.7. If z e Z(L)°, then Hg(L,v,z) = /7cg,(2)(L, t^, !)■ 

Proof - Let z' denote the composite morphism of varieties X' — > X — > Z(L)°, and let 
zjjjjj^ : X^jjj — > Z(L)° denote the restriction of z'. Then z^j^ is a VTgIL, f )-equivariant 
morphism (as it can be checked by restriction to Y'). So, the group Hg(L,v, z) is con- 
tained in Wz = Wcg(z)(L, f )• 

Let Az = {t E Z(L)° I CQ(t) cCq(z)} : it is an open subset of Z(L)° containing z and 
Z(L)°gg. Now let = A^.C and let S', = L/Cl{v) x A^. Then 

x; = G Xp (s; X 

is an open subset of ^min containing Uz, and it is stable under the action of Wz, since A^ 
is and since X'^ = z'~-^^(Az). Now, let 

X'(^) = CGiz) xc^^z) (K X C7v(^))S£. 

The natural morphism X'(z) — > X'^ is injective and Wz-equivariant. This proves that the 
stabilizer Hg(Li, v, z) is equal to the stabilizer of 1 *Cp(2) {C^iv), z, v^^Uz) G X'(z) in Wz- 
But this stabilizer must stabilize the connected component of 1 *Cp{z) iCl^iy), ZjV^^Uz), 

C° (z) 

which is equal to C^{z) y<Cp(z) (S^ x V)^^^^ (because Cp{z) is connected). Hence, it is 
contained in W° = Wc^(^z)(X', v), so it is equal to ifc'^(2)(L, v, z) because this last variety 

is an open subset of (X^jjj)^^''^'*. 

C° (z) 

Now, the action of W° on (X^i^)^'^ commutes with the translation by z. Hence 
Hc°^(z){^,v,z) = i7c^(^)(L,t;, 1). ■ 

Remark - The reader may be surprised by the fact that Cg{z) is not necessarily 
connected. However, he can check directly that the previous constructions (Y, Xmin, 
WG(L,t>)...) remains valid whenever G is not connected, provided that the parabolic 
subgroup P of G is connected. □ 
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Proposition p.7| shows that it is necessary and sufficient to understand the stabihzer 
Hg(L, V, 1). However, we are only able to get a satisfying result whenever the centralizer 
of M in G is contained in the parabolic subgroup P. 

Proposition 3.8. If Cg{u)(Z'P , then : 

(1) 7r^in(«) is the Ai^{v)-orbit of u' . In particular, \t!''~^1^{u)\ = |y4L(t>)|. 

(2) Wg{L,v) = Aj^iv) y< Hg{L,v,1). 

Proof - (1) follows immediately from Corollary p.lO| : indeed, 7r^in(w ) = f-\u). By (1), 
Ai,{v) acts freely and transitively on T^[nini^)^ ^o Wg(1^,v) acts transitively on T^'^j^iu). 
(2) follows from this remark and from p.6| . ■ 



3.D. Further investigations. The group C^{v) fl L = Cc° (i,)(Z(L)°) is connected, be- 
cause it is the centralizer of a torus in a connected group ||Bor| , Corollary 11.12]. Therefore, 
we have the well-known equality 

(3.9) C°^{v)nL = Cl{v). 

So the natural morphism Ci,{v) ^ Cg{v) induces an injective morphism 

(3.10) Ai^iv) ^ Ag{v). 

Let W^{L,v) = NG{'L,v)nC^{v)/Cl{v). Since C^{v)nL = Cl{v), we have W^{L,v)n 
A-l{v) = 1. Moreover, W^(L,v) and Aj,{v) are normal subgroups of Wg(J^,v), therefore 
W^(L,v) X Ai,{v) is naturally a subgroup of Wg(J^,v). This discussion has the following 
immediate consequence : 

Lemma 3.11. If Ai,{v) = AGiv), then Wg(L,v) = W^{L,v) x Ai,{v). 



Corollary 3.12. Assume that Cg{u) gP , and that Ai,{v) = Ag{v). Then there exists a 
unique morphism of groups ip^^ : W^(L,v) — > Ai,{v) such that 

Hg{L,v, 1) = {{w,a) e W^{L,v) x Aj^{v) \ a = ^?,{w)}. 



Proof - This follows from Proposition |3.8| (2) and from Lemma 3.11 



Corollary 3.13. Assume that Cg(m)cP, that Ai,{v) = Ag{v), and that \Ai,{v)\ is odd. 
Then HGi'L,v,l) = W^(L,v). 

The morphism if^^ is the central object of this paper. In Part II, we will compute it 
explicitly whenever t; is a regular unipotent element under some restriction on L. 
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3.E. Separability. Let C*^* denote the separable closure of C in L/C£(f) (under the 
morphism L/C£(f) —>■ C, I ^-^ lvl~^). Note that C*^* is smooth. The variety C^* inher- 
its from L/C£(f) the action of L by left translation, and the action of A-i,{v) by right 
translation. Then we have a sequence of L x y4L(f )-equivariant morphisms 



The first morphism is bijective and purely inseparable, the second one is a Galois etale 
covering with group Ai^{v). We then define S^* = Z(L)° x Sf*g = Z(L)°<,g x 

= G X S^*g, and Y^* = G Xl ^feg- have a commutative diagram with cartesian 
squares 



(3.14) 




Here the maps 7*^* and are induced by the maps ? or ?'. Moreover, all the morphisms 
are Galois etale coverings, and all the morphisms 1™^ are bijective purely inseparable 
morphisms. 

By the same argument as in Remark p.4| , the group P acts on the variety S'^* x V and 
the quotient Xq* = G Xp (S*^* x V) exists : it is the separable closure of Xq in Xq. If 
we denote by (S'^* x V)min the inverse of (S.V)min under the morphism f^^ x Idv, then 
-^min = G Xp (S°* X V)min is the normalization of Xmin in Y''*. So it inherits an action 
of Wg{J-i,v) and the bijective purely inseparable morphism f^^f^ : X[^jj^ induced 
by /min is H^g(L, t')-equivariant. Moreover, the morphism /^*^ : X^jj^ — > Xmin induced by 
/min is a Galois etale covering with group Ai^{v). We summarize the notation in the next 
diagram. 
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Remark 3.15 
the morphism f\ 



ins 
min 



li z e Z(L 
Since f, 



ins 
min 



we denote by uf the image of u'^ G X^^^j^ in X^j^ under 
is bijective and VTgIL, f )-equivariant, the stabihzer of it' 



~et 



in WgCLjV) is equal to HgCL^v, z). □ 

Example 3.16 - It may happen that the variety is different from Ij/CI^{v), so that 
the construction above is not irrelevant. Of course, it only occurs in positive characteristic. 
The smallest example is given by the group L = G = SL2(F), whenever p = 2 and 

1 1 
1 

Nevertheless, this is quite an unusual phenomenon. Indeed, if G = SL„(F) and if p 



does not divide n, then the morphism L/C^ 



C is always etale. Also, if G is 



a quasisimple group of type different from A and if p is good for G, then again the 



morphism h/C^i 



C is always etale. □ 



4. Elementary properties of (p^^ 



As it will be shown in the knowledge of the morphism (f^^ will be of fundamental 
importance in the description of the endomorphism algebra of an induced cuspidal char- 
acter sheaf (c/. Corollary |6.1CI|) . That is the reason why we devote a section to gather the 
properties of this morphism. These properties may help to reduce the computations to 
small groups. 
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4. A. Product of groups. Assume in this subsection, and only in this subsection, that 
G = Gi X G2. Let L = Li X L2, f = (f 1, ^2), P = Pi x P2. Then, for every z = {zx, Z2) G 
Z(L)°, we have 

(4.1) Hg{1.,v,z) = Hg,(Li,vi,zi) x Hg2(L2,V2, Z2). 
Moreover, if Ai,{v) = Ag{v) and if Cg{u) cP, then 

(4.2) = X ^g,^. 



4.B. Changing the group. Let Gi be a connected reductive algebraic group such that 
there exists a morphism of algebraic groups a : Gi — > G such that 

(1) The kernel of a is central in Gi, 

(2) The image of a contains the derived group ofG. 

We put Li = o"^^(L) and Pi = a^^(P), so that Li is a Levi subgroup of the parabolic 
subgroup Pi of Gi. Let vi denote the unique unipotent element of Gi such that cr(f 1) = v 
and let Ci be the class of vi in Gi. Note that o-(Ci) = C. 

Lemma 4.3. (a) a{Ci,,{vi))Z{Gy = CM- 

(b) The morphism Ai^-^{vi) — > Ai^{v) induced by a is surjective. 

(c) The morphism VFgi(Li, Si) Wg(L, S) induced by a is an isomorphism. 

(d) The morphism Wgi(Lii,Vi) — > WG(L,f) induced by a is surjective. 

(e) The morphism WG^iX'iiVi) VrQ(L,f) induced by o is an isomorphism. 

Proof - First, note that (b) is an immediate consequence of (a). Let / G CiSy). Then 
there exists l\ in Li and z G Z(G)° such that cr(/i) = Iz. So there exists x G Kero" 
such that l\V\lx^ = xvi. But /ifi/f^ is unipotent and Kercr consists of central semisimple 
elements of Li, so x = 1, that is li centralizes Vi. Hence (a) follows. 

(c), (d) and (e) follow by similar arguments (note that cr(CQ^(fi)).Z(G)° = Cg{v)). ■ 

We will denote by a subscript ?i the object associated to the datum (Li, f 1) and defined 
in the same way as the object ? in G (for instance, Si = Z(Li)°.Ci, Xi, Y^...). 

The reader may check that cr((Si.Vi)min) C (S.V)inm, so that a induces a morphism 
Xi^min Xinin- This morphism is VFgi(Li) Si)-equivariant as it can be checked by 
restriction to Yi (here, VFgi(Li) ^1) aiid iyG(L; S) are identified via the morphism a by 
Lemma p73| (c)). Similarly, cr induces a WGiiJ^i, fi)-equivariant morphism X'^^ '^min 
(here, Wgi(Li,Vi) acts on X'^j^ via the surjective morphism Wgi(Li,Vi) Wg(Xi,v)). 

Proposition 4.4. If zi G Z(Li)°, then : 

(a) ifGi(Li,Si,zi) = ifG(L,S,a(zi)). 

(b) a induces an isomorphism ifGi(Li, fi, 2:1) — ifG(L, f , cr(zi)). 
Moreover, 
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(c) // Cgi(mi) cPi and if Ai,^{vi) = Ag^{vi), then Cg{u)cP and Ai,{v) 
In this case, the diagram 



AcAv] 



a 



W^iL,v) 



Auivi) 



a 



Aj.{v) 



is commutative. 



Proof - It is clear that ifGi(Li, Si, zi) CifclL, S, cr(zi)). To prove the reverse inclusion, 
we use Proposition p.l2| to reduce the problem to the case where zi = 1. Then if an 
element w G Wg(L, S) stabilizes 1 *p u, this proves that there exists Zi G Ker a such that 
(1 ui).w = 1 ziUi. But, by zi = 1. This proves (a). 

To prove (b), we must notice that a{HGi(Lii,vi, zi)) GHG(L,v,a{zi)), so a induces a 
morphism Hgi(Li,Vi, Zi) — > HG(L,v,a{zi)). This morphism is injective by pl6| . It is 
surjective by the same argument as the one used in (a). The proof of (b) is complete. 

The first assertion of (c) follows from Lemma [4.3| , (a), while the second follows from 
(b). ■ 



4.C. Parabolic restriction. In this subsection, we show that the above constructions 
are compatible with "restriction" to parabolic subgroups of G. We need some notation. 
Let P' denote a parabolic subgroup of G containing P and let L' denote the unique 
Levi subgroup of P' containing L. Let V' denote the unipotent radical of P', and let 
v' = TT-L'lu). Then v' G f (V fl L'). We start by some elementary properties. 



Proposition 4.5. (1) v' G C^'. 

(2) If AM = Ag{v), then Ai^{v) = Ai^^v). 

(3) IfCG{u)cP, then Ci,,{v') CP n v. 



Proof - By Lemma [0|, we have dimCp(M) ^ dimCpnL'(^') ^ dimCi,{v). But 

dimCp(M) = dimCL(f) 

because u G C*^. So, dim CpnL' ("Z^') = dimCL(f). This proves that dim (f')pnL' = 
dimC + dimV fl L'. So (v')pnL' is dense in C.(V fl L'), that is v' G C^'. Hence (1) is 
proved. 

(2) follows from applied to the Levi subgroup L'. Let us now prove (3). Let 
m G ClK)- We only need to prove that m G P. But ™m G f '.V n Ct;V n C*^. So, by 
Spa| , Proposition II. 3. 2 (d)], there exists x G P such that ™m = ^u. So x^^m G Cg{u). 



But Cg{u) cP by hypothesis, so m G P. 



Proposition 4.6. If Cg{u) cP , then Hg(L,v,1) nWj^'(L,v) = Hi,,(L,v,l) . 
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Proof - By Proposition |]8| (2), the subgroups Hg{'L', v, 1) fl Wi,>{L, v) and iJL'(L, v, 1) 
have the same index in Wi,i{1j,v) (this index is equal to |y4L(f)|). Consequently, it is 
sufficient to prove that 



(#) 
Let 



i/G(L, V, 1) n W^L' (L, v) C H^, (L, V, I) 



F = P' xp (S' X V)^i 



min,L" 



It is an irreducible closed subvariety of X', and it is stable under the action of Wi^i {1j,v) 
(indeed, the open subset O' = P' Xl Slreg is obviously PVl'(L, 'y)-stable). 

By Lemma (2), the projection ttl' : P' — L' sends an element of (S.V)^jj^l to an 
element of (S.(V fl L'))^'jjjl- So, it induces a map 7 : F' — (X^;j^)l'. Moreover, the 
diagram 

O' -F' 



7 



(^min)L 



is commutative. The ffist vertical map is W^l^L, w)-equivariant, so, by density, the second 
vertical map is also PVl'(L, v) equivariant. This proves (#). ■ 



Corollary 4.7. IfCG{u)cP and if A-l{v) = Ag{v), then 



L' _ -p W^(L,v) G 



Proof - By Proposition (2) and (3), (fY^ is well-defined. So Corollary follows 
from Proposition | 



Remark 4.8 - If G' is a connected reductive subgroup of G containing L, then it may 
happen that 



An example is provided in Part II of this paper. □ 
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5. Endomorphism algebra of induced cuspidal character sheaves 



Hypothesis and notation : From now on, and until the end of this first part, we 
assume that C supports an irreducible cuspidal [|Lul| , Definition 2.4] local system S. To 
this local system is associated an irreducible character ( of Ai^{v), via the Galois etale 



covering C 



et 



C. Let T 



E (T is a local system onH) and let jF^g denote 



the restriction of T to Sreg- Let K be the perverse sheaf on G obtained from the triple 
(L,v,() by parabolic induction |[Lu2|, 4.1.1] and let A denote its endomorphism algebra. 



In IP^juI] , Tlieorem 9.2], Lusztig constructed an isomorpliism G : Q£Wg(L) A. Tliis 
isomorptiisni is very convenient for computing tfie generalized Springer correspondence. 
On tfie otlier liand, Lusztig's construction is canonical but not explicit. The principal 
aim of this paper is to construct an explicit isomorphism 6' : Q(^Wg(L) —>■ Ahj another 
method. It turns out that this isomorphism differs from Lusztig's one by a linear character 
7 of Wg(L). The knowledge of 7 would allow us to combine the advantages of both 
isomorphisms G and 0'. However, we are not able to determine it explicitly in general, 
although we can relate it with the morphism ip^^ defined in the previous section. Note 
that 7 = 1 whenever L = T. 

In this section we recall some well-known facts about cuspidal local systems, parabolic 
induction and endomorphism algebra. Most of these results may be found in |Lul] or ||Lu2|| . 
However, Theorem ^.4| , which is of fundamental step for constructing the isomorphism 
0' defined above, was proved in full generality in ||Bon2|| . The isomorphism 0' will be 
constructed in 



I We will also prove in §^ the existence of 7 and its relation with ip 



We will provide in §0 some properties of 7 which allows us to reduce its computation 
in the case where G is semisimple, simply-connected, quasi-simple, and P is a maximal 
parabolic subgroup of G. In Part II, we will use the knowledge of the morphism ip^^ for 
V regular to determine explicitly the linear character 7. However, we will need to assume 
that p is good for L. As an application, we will get some precision on Digne, Lehrer and 
Michel's theorem of Lusztig restriction of Gel'fand-Graev characters | DLM2 , Theorem 
3.7]. 



5. A. Parabolic induction. For the convenience of the reader, we reproduce here the 



diagram . 



a 



Teg 



Y 



Y 



IT 



Y 



— a 



X 







X 



TC 



X. 



We define J-'^eg = a*Treg '■ it is a local system on Y. Moreover, since £ is L-equivariant, 
there exists a local system jF^g on Y such that P*^reg — ^rcg- By [[Lul|, 3.2], the morphism 



TT : Y ^ Y is a Galois covering with Galois group Wg(L) = Ng(L)/L, so Ti^^reg = t^i^i 



reg 
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(because tt is finite hence proper) is a local system on Y. We denote by K the following 
perverse sheaf on G : 

(5.1) ir = /C(Y,/C)[dimY]. 

where vr^J-'reK = /C- Recall that Y = X, so that dimY = dimX. 



We shall give, following |P^ul| , §4], an alternative description of the perverse sheaf K. 



Let A be the following perverse sheaf on L : 

A = /C(S, J^)[dimE]. 

Notethat S = Z(L)°C so A = Q^[dimZ(L)°]K/C(C,f )[dimC]. Since A is L-equivariant, 
there exists a perverse sheaf K on X such that 

a*A[dimG + dimV] = (3*K[dimP]. 



The perverse sheaf K is in fact equal to /C(X, jF^g) [dimX]. By |[Lul| , Proposition 4.5], 
we have 

(5.2) K = Rtt^K. 



5.B. Recollection. The fact that C admits a cuspidal local system has a lot of conse- 
quences. We gather some of them in the next theorem. 

Theorem 5.3 (Lusztig). (a) v is a distinguished unipotent element ofL [that is, v 
is not contained in a Levi subgroup of a proper parabolic subgroup ofL). 
(b) Ng{L) stabilizes C and£. 



Proof - cf. [[Lulj , Proposition 2.8] for (a) and [|Lul| , Theorem 9.2] for (b) and (c). 



The next theorem has been proved by Lusztig provided that p is large enough by using 
the classification of cuspidal pairs ||Lu4|| . In ||Bon2| , Corollary to Proposition 1.1], the 



author gave a proof in the general case without using the classification. 

Theorem 5.4. The injective morphism Ci,{v) Cg{v) induces an isomorphism of finite 
groups Ai,{v) Ag{v). 



By Theorem ^.4| and Lemma |3.11| , we have 



(5.5) Wg{L, v) = Ai^iv) X (L, v), 
and, by Theorem f).3\ (b), we have 

(5.6) W^{L,v) ~ WgCL) = Ng{'L)/L. 
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5.C. Lusztig's description of A. For each w in W^(L,v), we choose a representative 
w of w in Nc,(L) fl Cq{v). By Theorem |5.3| (b), the local systems JF and [int w)*J-' 
are isomorphic. Let 6^ denote an isomorphism of L-equivariant local systems JF 
(intw)*^. Then 6^^, induces an isomorphism 6'^ : jF^gg — > 7^JFj.eg where 7^^, : Y — * Y, 
{g,xL) {g,xw'^^L) {cf. \^ul[ proof of Proposition 3.5]). But 7r*7j^ = n^. Hence 



7r^,6^ is an automorphism of /C. By applying the functor /C(X, .)[dim Y], 11^6^ induces 
an automorphism B^, of K. The automorphism B^, as well as 6^, is defined up to 
multiplication by an element of . By [ |Lul| , Proposition 3.5], {Qw)wew^(L,v) is a basis 
of the endomorphism algebra A of K ; moreover, by ||Lul| , Remark 3.6], there exists a 

family of scalar {aw,w')w,w'ew^(L,v) of elements of Q^^ such that QwQw' = 0'w,w'Qww' for 
all w and w' in W^(L,v). Lusztig proved that it is possible to choose in a canonical way 
the family {Ouj)wew° (l,d) such that QwQw' = Qww' for all w and w' in W^{L, v). The next 
theorem [|Lul| , Theorem 9.2] explains his construction. 

Theorem 5.7 (Lusztig). There exists a unique family of isomorphisms of local systems 
{9w : JF — i> {iTLtw)*J-')w^w^(L,v) such that the following condition holds : for each w G 
W^{L,v), Qw acts trivially on Ti^'^^'^^K, where u is any element ofC^. 

In the previous theorem, the uniqueness of the family (6'^)«,evK^(L,i)) follows from the 
fact that Ti^'^^'^^K 7^ for each u G C*^. As a consequence, one gets that the linear 
mapping 

B: QeW^iL,v) ^ = End^,G W 

w I — > B^ 

is an isomorphism of algebras. If x is an irreducible character of Wq(L,v), we denote by 
an irreducible component of K associated to x via the isomorphism B. 

Corollary 5.8 (Lusztig). For each u G C^, we have : 

(a) n-'^''^^Ki = n-^'^^^K. 

(b) Ti^'^^^^ = for every non-trivial irreducible character x ofW^(L,v). 



5.D. Restriction to the open subset X^in. The restriction JCq of K[— dimX] to Xq 



is a local system [[Lul| , 4.4], that is, a complex concentrated in degree 0, whose 0th term 
is a local system. In fact, JCq is the local system on Xq associated to the Galois etale 
covering Xq* — Xq and to the character ( of Ai,{v). Therefore, the restriction /Cmin of 
dimX] to Xmin is a local system. More precisely, it is the local system associated 
to the Galois etale covering X^j^ — > X^in and to the character (. Let -fTmin denote the 
restriction of K[— dimX] to Xmin. We have the following result. 

Proposition 5.9. We have -ft'min = T^min,*Kniin- So, -ft'mm is a constructible sheaf, that is 
a complex concentrated in degree 0. 
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Proof - Since vTmin is finite, the functor irmm,* is exact. The proposition follows from this 
remark and the Proper Base Change Theorem. ■ 

6. Another isomorphism between A and QfW^(L,v) 

The aim of this section is to construct an explicit isomorphism B' between the endo- 
morphism algebra A and the group algebra Q£W^(L,v). Our strategy is the following. 
First, note that the endomorphism algebra ^ of i^' is canonically isomorphic to the en- 
domorphism algebra of the local system JC on Y. To this local system is associated a 
representation of the fundamental group 7Ti(Y,y) of Y (here, y is any point of Y). This 
representation and its endomorphism algebra are easy to describe (c/. |6n|) . 

6. A. Representations of the fundamental group. Let V"^ denote an irreducible left 
Q^y4L(i;)-module affording the character (. We may, and we will, assume that 













reg 








T 

•> reg 






and 


reg 







Here, is identified with the constant sheaf with values in V"^. From the third equality, 
we deduce that 

/C = vr. J-reg = Trf Q, Ind!51) '^^ V^. 

Therefore, the endomorphism algebra of /C is canonically isomorphic to the endomorphism 
algebra of the Q^11/g(L, f) -module Ind^^^,^'^'' V"^. But, by [575| , this endomorphism alge- 
bra is canonically isomorphic to QiWq(L,v). Since the functor /C(Y, .)[dimY] is fully 
faithful, it induces an isomorphism 

(6.1) &' ■.Q,Wl,{L,v) ^A. 

This isomorphism may be constructed in another way. The action of an element w G 
Nc,(L) n C^{v) on Sreg5 Y^*, and Y^* commutes with the action of Ai^{v). Therefore, 
there exists an isomorphism Q'^ : T (int?i;)*JF (respectively : jF^g — > {vcAw)* T^e^ 
which induces the identity on the stalks at zv (respectively 1 *l ^v) for every z G Z(L)° 
(respectively for every z G Z(L)°gg). Then 

(6.2) /3V; = aXls..,. 

Now, let = /C(Y, 7r,r;)[dim Y] -.K-^K. By |]2|, there exists an element 7^ G Q/ 
such that 

(6.3) Q{w) = 7^e;. 

By looking at the action on the stalk at zv G Y, one can immediately get the following 
result. 
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Proposition 6.4. With the above notation, we have = Q'{w) for every w G W^(L, v). 



Corollary 6.5. There exists a linear character ^ ^ of the Weyl group Wq(L,v) such 
that 

for every w G W^(L,v). 

Proof - This follows from Theorem from |6.3| , and from Proposition |6.4| . ■ 

If X is an irreducible character of W^(L, v), we denote by K' an irreducible component 
of K associated to x via the isomorphism 9'. By Corollary IHTg, we have 

6.B. Links between ■y^^^ and (p^^. The following proposition is an immediate conse- 



quence of ^]6| and Corollary : 



Proposition 6.7. The linear character 'j^ ^ ^ of W^(L,v) is the unique irreducible char- 
acter 7 of W^(L,v) satisfying Ti."'^^^^ K'^ ^ for some (or any) u G C^. 

If X is an irreducible character of W^{L,v), we denote by -ft'min.x (respectively -ft'min,x) 
the irreducible component of ii'mm associated to x via the isomorphism 9 (respectively 
9'). Now, let be an irreducible Q£iyQ(L, t>)-module affording x as character. Then, 
since iyG(L, v) acts on X^j^^, it also acts on the constructible sheaf (7r^in)*Q^ and we have 
by construction 

(6.8) = (vrf Q,)°PP (K, ® V^). 

Since u G X^in, the stalk of Ti^'^^^^ K'^ at u may easily be deduced from|6]^ : we have 
dim^^ n-J'^-^'K'^ = dim(irV„,^)„ = (Res^«J;:\)(x ® C), 1//o(l,.,i)) 



We deduce immediately from this and from Proposition |6.7| the following result. 

Proposition 6.9. The linear character 7^„^ is the unique irreducible character 7 of 
W^iL,v) such that (ResS'^(5;;\)(7 ® C), 1//o(l,.,i)) ^ 0. 

Corollary 6.10. //Cg(m)cP, then 

Proof - Since A-l,{v) = Ac,{v), the morphism ip^^ : W^(L,v) — ^ A-l,{v) is well-defined. 
Hence, the corollary follows from Proposition 3^ and Corollary p. 12 . ■ 
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Corollary 6.11. If GGiu)cP, and if \Ai,{v)\ is odd, then 7^„^^ = 1- 
Corollary 6.12. 7^^^^ = 1. 

Proof - Indeed, if P = B, then u is a regular unipotent element and v = 1. Hence 
Cg{u) cB so Corollary |6.10| applies. But Ai,{v) = 1, so 7^-,^ ^ = 1. ■ 

Example 6.13 - Assume in this example that f is a regular unipotent element of L. 
In this case, m is a regular unipotent element of G, so Cg(m)cP. Moreover, Ai^{v) is 
abelian |^pi)| . So C is a linear character and Corollary |6.10| applies. We get 

This case will be studied in full details in Part II. □ 

7. Elementary properties of the character 7^^^ 

7.A. Product of groups. We assume in this subsection that G = Gi x G2 where Gi 
and G2 are reductive groups. Let L = Li x L2, v = (f 1, f2), C = Ci x C2 and ( = (1^(2- 
Then it is clear that 

(7.1) W^{L,v) = W^^{U,v,) X W^^{U,v,) 

and that 



7.B. Changing the group. We use here the notation introduced in § [4.B| . In particular 



we still denote by a subscript ?i for the object in Gi corresponding to ? in G (e.g. Li, JF^, 
J^reg,i, Yi, Ki, Ai, Qi ... ). We have cr-^(Y) = Yi. Note that the groups W^^{Li,vi) 
and iyQ(L, v) are isomorphic via a by Lemma (e). 



Lemma 7.3. The local system a*Si on Ci is cuspidal. It is associated to the irre- 
ducible character (i of Ai^-^{vi) obtained from ( by composing with the surjective morphism 
^LiK) ^ Ai^{v) {cf. Lemma (b)). 



Proof - This is immediate from the alternative definition of a cuspidal local system given 
in terms of permutation representations [[Lul|, introduction]. ■ 
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Proposition 7.4. (a) The restriction of a*{K) to Yi is isomorphic to Ki. 

(b) a induces an isomorphism a : Ai A. 

(c) The diagrams 



e 



A, 



A 



and 



are commutative. 



0'i 



0' 



A, 



A 



Proof - (a) follows from the Proper Base Change Theorem [Ml], Chapter VI, Corollary 
2.3] applied to the Cartesian square 



Yi 



a 



TT 



Y. 



(b) follows from Lusztig's description of A. The commutativity of the first diagram in (c) 
follows from the fact that cr(C^^) = and from Theorem |5.7| while the commutativity 



of the second one follows from Proposition |0 



Corollary 7.5. We have ^ o a = 1^^^^ ■ 



7.C. Parabolic restriction. Let Q be a parabolic subgroup of G containing P and let 



M be the Levi subgroup of Q containing L. It follows from ||Lul| , Theorem 8.3 (b)] that 



Proposition 7.6. = Resl¥^^^^^^^^^^. 
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Remark 7.7 - If G' is a connected reductive subgroup of G which contains L, then 
it may happen that 7l^^^^ 7^ -'^^^H/°^*^(L''i) '^l,v,(- example is provided by the group 
G = Sp4(F), as it will be shown in Part II of this paper. □ 



Remark - Whenever Cg{u)cP, then Corollary |6.10| shows that [^21 , Proposition [7^ , 



and Proposition may be deduced from ^^2] , Proposition and Proposition re- 
spectively. □ 

8. Introducing Frobenius 

8. A. Hypothesis and notation. In this section, and only in this section, we assume 
that F is an algebraic closure of a finite field. In particular, p > 0. We fix a power q of p 
and we denote by Fg the subfield of F with q elements. We assume also that G is defined 
over ¥q and we denote by F : G ^ G the corresponding Frobenius endomorphism. If 
g G G"^, we denote by [g] (or [gj^F if necessary) the G^-conjugacy class of g. 

We keep the notation introduced in ^ (L, C, v, £, K, 9, 7l^„^^...). We assume that 
L is F-stable. Then, by Theorem p.3| (e), there exists n G A'"g(L) such that -F(P) = "P. 
Now, by Lang theorem, we can pick an element g & G such that g~^F{g) = n~^. Then 
and are F-stable. Since we are interested in the family of all F-stable subgroups of 
G which are conjugate to L under G, we may, and we will assume that L and P are both 
F-stable. Without loss of generality, me may also assume that B and T are F-stable. 

We also assume that v and £ are F-stable. Let w G W^{L,v). We choose an element 
c/^ G G such that g~^F{g^) = (recall that w is a representative of w in Ng(L) fl 
C^{v)). We then put : 

T _ 9wT , „, _ gw„, p _ gwf^ 

£^ = {adg~^y£, and J^^ = {ad g"^)* . 

Then is an F-stable Levi subgroup of a parabolic subgroup of G, G is conjugate 
to V in G-^ (because g^^F^gyj) G C^iy))^ is the conjugacy class of Vw in L^,, £yj 
is an F-stable cuspidal local system on and = Kl (as a local system on 
5j,„ = Z(L,,,)° X C,„). 



8.B. A conjugacy result. In [ |Bon2| , Proposition 2.1], the author proved the following 
result : 

Proposition 8.1. Let M and M' be two F-stable Levi subgroups of {non necessarily F- 
stable) parabolic subgroups of G which are geometrically conjugate and let u be a unipotent 
element ofM.^. Assume the following conditions holds : 

(a) u is a distinguished element ofWl, 

(b) Ai'G(M) stabilizes the class (m)m, and 

(c) Am(m) = Ag{u). 

Then [u\gf fl M' is a single Wl'^ -conjugacy class. 
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Corollary 8.2. If w e W^{L,v), then [v]gf n = 



Proof - This follows from Theorem ^]3| (a) and (c), from Theorem ^.41 and from the 



previous Proposition |8J. . 



8.C. Characteristic functions. We choose once and for all an isomorphism of local 
systems ip : F*S £ and we denote by Xg^^ the class function on L-^ defined by 

Xs^il)-^ Tr(¥;,,£0 if /eC^ 



otherwise, 

for any / G L^. Using the isomorphism B : 'Q_(W^{1j,v) A, Lusztig defined an 



isomorphism of local systems '■ F*8w 8^. We recall his construction |P^u3| , 9.3]. Let 
6w '■ 8 {adw)*8 be the isomorphism of local systems defined in Theorem |5.7| . Then 6^ 
induces an isomorphism of local systems 

F* o {adgZ'ye^ : F*8^ ^ i^dg-')* o 

Moreover, ip induces an isomorphism 

{8.dgZ'rv:i^dg-'yoF*8^8^. 

By composition of the two previous isomorphisms, we get an isomorphism 

Once the isomorphism ip is chosen, the isomorphism ip^ depends only on the construc- 
tion of the isomorphism 9yj. By Corollary |6]^, the knowledge of the isomorphism 9^ is 
equivalent to the knowledge of the linear character 7^^^. 

If X is an -F-stable irreducible character of W^{L, v), then we denote by x the preferred 
extension of x to Wq(L, t>)x < F > (the preferred extension has been defined by Lusztig 



Lu2|| ). The choice of (p and x induces a well-defined isomorphism ip^, : F*Ky, — > K 



Then we set, for every G G , 

^ -iyi:i{Hl{^y,),HlK^) if g is unipotent, 

otherwise 




The importance of the knowledge of the characteristic functions X£w,'Pw (therefore, of the 



linear character ^) is given by the following theorem 



Theorem 8.3 (Lusztig). If p is almost good for G and if q is large enough, we have 

^ = 1 1 ^ V x{wF)B? (Xe 
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Remark 8.4 - The expression "g is large enough" in Theorem |8.3| means that there 
exists a constant go depending only on the root datum of G such that Theorem holds 
if g ^ go- We will say that the pair (G, F) is friendly if the formula given by Theorem |8]3 
holds in every connected reductive subgroup of G having the same rank. 

Theorem says that, if p is almost good for G and if g is large enough, then (G, F) 
is friendly. □ 



Remark 8.5 - If (G, F) is friendly, then ||Bonl| , Proof of Theorem 6.1.1] Mackey formula 
for Lusztig functors holds in G. Consequently, the Lusztig functor -RlLcp™ known 
Bonl| , Proposition 7.1.1] to be independent of the choice of the parabolic subgroup Pi 



of G which admits as a Levi subgroup. That is why we denoted it simply by . □ 



We conclude this section by determining explicitly the characteristic functions Xg^^^^^ 
using the linear character 7^^,^. It follows from Lang's theorem that the set of rational 
conjugacy classes contained in is in one-to-one correspondence with H^{F, Ai,{vw)) ~ 
H\wF,Ai,{v)) = H^{F,Ai^{v)) (the last equality follows from the fact that W^{L,v) 
acts trivially on Ai^{v)). Let a G {F, Ai^{v)) . We denote by d a representative of a 
in A-L,{v) and by Vw,a a representative of the rational conjugacy class contained in 
parameterized by a. If w = 1, we denote by Va the element f^^Q. We have Va G L^. It 
must be noticed that [fu;,a]LF = [fa]G^ l~l (c/. Corollary ^.2[ ). 

By following step by step the construction of the isomorphisms y?^, we obtain that the 
link between the class functions Xg^^p and <^^ew,ipw is given in terms of the linear character 
^L,v,(- More precisely, we get : 

Proposition 8.6. Let w E W^iL,v) and let a e H'^{F, Ai^{v)) . Then 



Assume now until the end of this section that C is a linear character. In this case, we 
have 

(8.7) '^£^,^Av^,a) = '^f„,^„K)C(«)- 

Note that ({a) does not depend on the choice of d because ( is F-stable. Hence, we 
deduce from Proposition |8.(j| the following result : 



Corollary 8.8. Assume that ( is a linear character, and let w G W^(L,v) and a G 
H\F,Aj^lv)). Then 

On the other hand, if I ^ C^, then 
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Remark 8.9 - In the theory of character sheaves apphed to finite reductive groups, the 
characteristic functions Xs^^^^ play a crucial role, as it is shown in Theorem pl3| . The 
Corollary p.8| shows the importance of the determination of the linear character ^. We 
will show in Part II how the knowledge of the linear character 7^^^ ^ whenever v is regular 
and p is good for L leads to an improvement of Digne, Lehrer and Michel's theorem on 



Lusztig restriction of Gel'fand-Graev characters ||DLM2| , Theorem 3.7]. □ 



Remark 8.10 - The characteristic function X^^^^p^ depends on the choice of the isomor- 
phism (f. Since S is an irreducible local system, two isomorphisms between F*S and S 
differ only by a scalar. Hence the two characteristic functions they define differ also by 
the same constant. This shows that the formula in Corollary ^.8] cannot be improved, 
because the factor X^^^^v) depends on the choice of the isomorphism ip. We can give it, 
by multiplying by a scalar, any value we want. □ 
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